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Abstract. Bloch lines (BLs) are linear topological defects of magnetic domain walls structure,
studied well for bubble domain materials. We investigate its structure and role in magnetization
reversal for thin ferromagnetic films with perpendicular magnetic anisotropy and intermediate
quality factor. We observe vertical BLs with Bloch points and U-shaped structures with vertical
and horizontal parts in three-dimensional micromagnetic simulations for Q = 0.34. Also we
suggest analytical model functions, describing 3D magnetization distribution in domain walls
with BLs.
1. Introduction
The domain structure (DS) of ferromagnetic thin films impacts significantly on macroscopic
properties (hysteresis, magnetostriction, etc.). The study of DS in external fields is interesting
both for applications as physical base for data storage devices [1] and for fundamental research,
since DS is an example of an open system with complex dynamics and excitation of internal
degrees of freedom. In particular, structural elements with non-trivial topological charge can
be observed on domain walls (DWs). They are classified as linear and point defects (solitons)
of magnetization vector field: Bloch lines (BLs) and Bloch points (BPs). In the simplest case
analytical solution for one BL on Bloch-type DW, elongated along the x-axis in two-dimensional
ferromagnetic media with quality factor Q = Ku/2πM2s is [2] where Ku is uniaxial anisatropy
constant and Ms is saturation magnetzation:















Here Φ and Θ are azimuthal and polar angles for magnetization, and Λ0 , δ0 are BL and DW
width parameters respectively. Schematic rerpresentation of such magnetization distribution is
shown in the figure 1. However, films with the perpendicular magnetic anisotropy (PMA) and
0.1 < Q < 1 have more complex BL structures which cannot be obtained just by translation of
2D distribution in the figure 1 in z-axis direction. There are several arguments for this. Firstly,
DWs has a vortex structure [3], which is associated with the competition of the anisotropic and
magnetostatic energy contributions. As a result, the DW has the Bloch type in the bulk and
the Neel type near surfuces. This reduces the density of magnetostatic energy, when Neel caps
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has opposite reversal directions. Due to these reasons BLs are not strictly vertical. They do
not reach film surfaces, being itself the part of Neel DW, and consist of two fragments, with
opposite chirality, separated by a BP.
Figure 1. Schematic representation of vertical Bloch line structure in 2D-model.
These BL structures have been observed in micromagnetic simulations in the DS in a 200 nm
thick film with Co (0001) material parameters [4]. We performed micromagnetic simulations
using the mumax3 micromagnetic framework [5]. Here we discuss the results of magnetization
reversal simulations for in-plane (IP), out-of-plane (OP) and intermediate (IM) DC magnetic
field orientations. We focus on the BL transformations, which accompany DS transitions.
Also we suggest a 3D model distribution describing the magnetization in BLs, containing BPs,
and prove its consistency by direct comparison with the distributions obtained in simulations,
as well as calculating the the skyrmion number. To exclude misunderstanding in next chapters




Micromagnetic simulations were carried out for the PMA sample with sizes: Lx = Ly = 1024 nm,
Lz = 200 nm. Magnetic patterns were found by the numerical minimization of the total energy
on the rectangular mesh using steepest descent method with adaptive step length variation. The
cell sizes where equal: lx = ly = 4 mn, lz = 3.125 nm. The energy functional for a normalized


























wa = −K1(km)2 −K2(km)4
VII Euro-Asian Symposium “Trends in Magnetism”




Here Ms is the saturation magnetization, Hm is the demagnetizing field, and K1,K2 are
the anisotropy constants, k is a unit vector in the anisotropy axis direction ( k is normal
to the film surfices), A is the exchange constant and H is the external DC magnetic field.
Numerical values of material parameters corresponds are: Ms = 1435 G, A = 3.01 · 106 erg/cm,
K1 = 4.46 · 106 erg/cm3, K2 = 1.5 · 106 erg/cm3 [5]. In xy-plane (parallel to film plane) periodic
boundary conditions are defined: m|x=0 = m|x=Lx , m|y=0 = m|y=Ly . Special algorithms, based
on numeric calculations of topological invariants, have been created for BL visualization.
2.2. Domain structure for zero extrinsic field and hysteresis loops simulations
An example of DS visualization for the case H = 0 is shown in the figure 2. Starting from a
random magnetization distribution we have obtained a fragment of labyrinth pattern. Vertical
BLs with opposite chiralities, containing BPs with different signs of a topological charge, are in
the DW in pairs (figure 2a). Specific cross sections of the magnetization distribution are shown
in the figure 2b, figure 2c. The positions of the BLs are visible in sections I and II. It can be
seen that the chiralities of the same BL are different in different sections, which is due to the
presence of a BP. As it was discussed earlier, BLs do not reach film surfaces (figure 2a).
Figure 2. (a) The DS for H = 0. Semiopaque surfaces denote DW centers (mz = 0). Light
(yellow) and black contours on DWs corresponds to BLs parts with opposite chiralities, connected
by BPs (do not shown). Light and dark areas on bottom surface corresponds to domains with
mz = ±1 correspondingly. (b),(c) Magnetization distributions in the sections I and II.
Next, we turn on the external magnetic field and simulate the rotations of the magnetization
for different orientations of H. For each value of the field we minimize the energy functional.
VII Euro-Asian Symposium “Trends in Magnetism”




We can observe DS transformations through three types of patterns: stripe domains, cylindric
domains and the uniform magnetization. These transitions are accompanied by changes in the
structure of the BLs. For the case of the IP field, stripe domains are stable. When field decreases
Figure 3. (a) Normalized magnetization projection on the field direction (mH = MHMs and Ms
is saturation magnetization) vs external field, for in-plane orientation. DS for points A,B,C are
presented on inserts. Dark areas on DWs corresponds to BL positions (b) and (c) DS for points
A and B correspondingly. Legend is similar to that in the figure 2a.
from saturation, one can observe the emergence and growth of the BL, containing BP. The BLs
are located on the ”heads” of the interrupted strip domains. On the first step (point A in
the figure 3a) there are two BLs without BP which reach one of the film surfaces (see figure
3b). While the field value decreases, the BP and the segment of the BL with opposite chirality
appear (see figure 3c). Then BLs with BPs annihilate, mediating the annihilation of magnetic
dislocations (point C in the figure 3a). For the OP case, BL pairs with opposite chiralities can
annihilate, if they are localized on one DW segment or on opposite points of cylindric domains
(in the latter case, when reducing the domain diameter). Also BL pairs can born then two
cylindric domains, with increasing diameters, collides each over. Examples of these processes
are presented in the figure 4. Gray ellipse on the DS sketch for point A shows localization of
BL pair ready for annihilation. White and black ellipses show regions of a future collision of
cylindric domains. Corresponding ellipses on the sketch for the point B mark new BL pairs
appearing due to these collisions.
For IM case there are field ranges of stability of stripe and cylindric domains. When field is
VII Euro-Asian Symposium “Trends in Magnetism”




Figure 4. Normalized magnetization projection on the field direction (mH = MHMs and Ms
is saturation magnetization) vs external field, for the out-of-plane orientation. DSs for points
A,B,C are presented on inserts. Dark areas on DWs corresponds to BL positions.
decreased from a saturation value, BL pairs appears on the opposite sides of cylindric domains
involving IP mechanism discussed above (intrusion through surface). Most of these pairs then
annihilate on cylindric domains involving OP mechanism. Transitions from cylindric to stripe
domains occur while field is increasing in contrary direction. It can be mediated by new U-
shaped BL-type structure, containing horizontal and vertical parts. This structure is shown in
the figure 5b,c. Such structures are localized on cylindric domains (see figure 5b) and disappear
with transitions to stripe domains in the part of the sample. Others may still exist on cylindric
domains, as well as vertical BL pairs (see figure 5a).
3. Model function for a Bloch line
3.1. Description of a function
We present here an analytical model, describing three-dimensional structure of the Bloch line
in material with intermediate quality factor 0.1 < Q < 1 (for parameters used in simulations
Q = 0.34). Analytical functions for polar Θ and azimuthal Φ angles (for magnetization) are
defined in the region G = [0 < x < xmax; 0 < y < ymax; 0 < z < zmax] (z-axis is normal to the
film surfaces):







g(z) + ϕs(x, z), (3)




y − f(x, z)
δ(z)
))
These formulas are the generalization of (1) by the introduction of an auxiliary functions set.
(i) f(x, z) is a function which defines the surface of the DW centers (mz = 0). For the DS
shown in the figure 2 it is usually curved rather than linear.
(ii) ϕs(x, z) = arctan(∂f(x, z)/∂x) provides the tangential position of magnetization in a
DW (Bloch DW) in each section z = c. To simplify the expression (3) in most cases one can
assume f(x, z) and ϕs(x, z) dependence only on x.
(iii) ξ(z) is function of the BL ”core” positions in different sections z = c. This function
appearance is due to the fact, that BL is not strictly vertical, so line of BL ”cores” is not normal
to the film plane. In other words, you cannot just assume ξ(z) ≡ 0 as it is for model in the
figure 1.
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Figure 5. (a) Normalized magnetization projection on the field direction (mH = MHMs and Ms
is saturation magnetization) vs external field, for intermediate angle of field orientation. DSs in
points A, B, C, D are presented on inserts. Dark areas on DWs corresponds to BL positions. (b)
The DS for point B. Purple contour denotes horizontal BL section, other notations are similar
to that in the figure 2a (c) Magnetization distribution in sections I and II for cylindric domain
containing U-shaped BL structure.
(iv) g(z) = 2η(z − zBP )− 1. Here zBP is BP z-position and η(z − zBP ) is the Heaviside step
function. This function provides the nonanalytical ”switch” between rotation directions in BL
(for z > zBP - g(z) = 1 and for z < zBP - g(z) = −1).
(v) δ(z) is a function of DW width parameters in different sections z = c. DW width should
grow from the central plane z = zmax/2 to film surfaces due to the magnetic flux closure near
film surfaces, which lowers magnetostatic energy density. Additional conditions for this function
are:









Applying (4) in (3), we can rewrite the conditions (4) in more clear way:
Θ|y=0 ≃ 0, Θ|y=ymax ≃ π. (5)
Thus, it is just boundary conditions corresponding to the magnetization for neighboring domains.
(vi) Λ(z) is a function of BL width parameters in different sections z = c. Here width should
grow from z = zBP (Λ(zBP = 0)) to z = zmax and z = 0. This condition provide the existence
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Figure 6. Comparative view of magnetization distributions in model (a,b,c) and simulation
(d,e,f) in sections z = 50 nm (a,d), z = 100 nm (b,e) and z = 150 nm (c,f). Film thickness zmax
= 200nm.




≪ 1, |x− ξ(zmax)|
Λ(zmax)
≪ 1. (6)
Applying (6) in (3) and taking g(z) definition into account we can write:
Φ(x, 0) = −π
2
+ ϕs(x, 0), Φ(x, zmax) =
π
2
+ ϕs(x, zmax). (7)
Therefore, this condition just states contrary Néel DW rotations on bottom and top surfaces.
In the case, then the DW in region G has a reflective symmetry in the x = xmax/2 plane, it is
reasonable to consider ϕs(x, 0) = ϕs(x, zmax) = ϕs(x). This set of functions allows to describe
main features of the vertical BL magnetization distribution.
3.2. Model verification
Let us show that the suggested model meets topological constraints associated with the existence
of BP in the region G. It means that the skyrmion number χ = ±1, where χ is defined as a






gds, g = [∇(cosΘ)×∇Φ] . (8)
Firstly, we show that the integral values are equal to zero on the planes y = 0, y = ymax
due to the condition (5). Then using approximations (5) and (7), we separately calculate the
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contributions of boundary planes to the value of the integral (8). χb, χt, χr, χf are contributions
from z = 0, z = zmax, x = 0, x = xmax correspondingly (surface orientations are taken as in the
closed-surface integral (8)):
χb = −χt =
1
2π




Thus, the total value is χ = χb + χt + χf + χr = 1 as it has to be for the positively charged
BP situated in the region. Further, we directly compare results obtained by simulations and
model calculations, approximating the auxiliary functions set as polynomials in least squares
sense. Reference points for each function have been obtained from the simulation data taken
from a simulation window subregion, containing the BL.
We base on these refer points to obtain Φ and Θ according to formulas (3). Magnetization
vector components are mx = cosΦ sinΘ, my = sinΦ sinΘ, mz = cosΘ. Fig.6 shows direct
comparison of model vs simulation results in three sections: z = zmax/4, zmax/2, 3zmax/4.
One can see qualitative agreement of modelled and simulated magnetization distributions.
Relative deviations for magnetization componenets averaged over the BL containing area are
∆mx/mx ∼ 0.04, ∆my/my ∼ 0.07, ∆mz/mz ∼ 0.02.
4. Conclusions
Micromagnetic simulations allow us to obtain 3D visualizations for the domain structure of thin
ferromagnetic film with perpendicular magnetic anisotropy. We show that without extrinsic DC
field domain walls contain a small number of Bloch line pairs and each Bloch line contains
Bloch point in its structure. Also we qualitatively investigate the scenarios of Bloch line
transformations in in-plane, out-of-plane and intermediate angled DC extrinsic field which
follows the domain structure transformations. In particular the process of the U-shaped Bloch
line structure emergence which follows DS transformation from cylindric to stripe domains is
described. Also the generalization of the isolated vertical Bloch line model is obtained for the
thin films with intermediate quality factors. This model allows to consider the Bloch line with
Bloch point in its structure and obtain the correct skyrmion number. Also the vortex structure of
domain wall which the Bloch line mgnetization distribution can be considered. We can conclude
that model (3) has a reasonable agreement with simulated results and can be used in further
investigations.
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